
Mapping Poincaré gauge cosmology to Horndeski theory for emergent dark energy

W.E.V. Barker,1, 2, ∗ A.N. Lasenby,1, 2, † M.P. Hobson,1, ‡ and W.J. Handley1, 2, §

1Astrophysics Group, Cavendish Laboratory, JJ Thomson Avenue, Cambridge CB3 0HE, UK
2Kavli Institute for Cosmology, Madingley Road, Cambridge CB3 0HA, UK

The ten-parameter, quadratic Poincaré gauge theory of gravity is a plausible alternative to general
relativity. We show that the rich background cosmology of the gauge theory is described by a
non-canonical bi-scalar-tensor theory in the Jordan frame: the metrical analogue. This provides a
unified framework for future investigation by the broader community. For many parameter choices,
the non-canonical term reduces to a Cuscuton field of the form

√
|Xφφ|. The Einstein–Cartan–

Kibble–Sciama theory maps to a pure quadratic cuscuton, whereas the teleparallel theory maps
to the Einstein–Hilbert Lagrangian. We apply the metrical analogue to novel unitary and power-
counting-renormalisable cases of Poincaré gauge theory. These theories support the concordance
ΛCDM background cosmology up to an optional, effective dark radiation component, we explain
this behaviour in terms of a stalled cuscuton. We also obtain two dark energy solutions from one of
these cases: accelerated expansion from a negative bare cosmological constant whose magnitude is
screened, and emergent dark energy to replace vanishing bare cosmological constant in ΛCDM.

PACS numbers: 04.50.Kd, 04.60.-m, 04.20.Fy, 98.80.-k, 90.80.Es

I. INTRODUCTION

Candidate discrepancies between the cosmic concor-
dance model (ΛCDM) [1, 2] and observation [3–9] have
fuelled interest in modifications to general relativity
(GR). In order to bypass Lovelock’s theorem, scalar-
tensor theories couple various scalar fields φ to the met-
ric gµν on a curved spacetime M [10]. This approach
is prevalent in effective field theory (EFT) extensions to
GR, and even used to model inflation within ΛCDM [11].
Scalar-tensor theories are tractable and very widely stud-
ied, and in this sense they are self-motivating.

The EFT approach to gravity is motivated in part by
the perturbative non-renormalisability of GR, in which
the superficial divergence of a diagram scales with the
number of loops [12]. Even at one loop, the inclusion of
matter propagators spoils the renormalisability of pure
GR by invoking quadratic curvature counter-terms: such
terms cannot be absorbed into the linear curvature in-
variant by rescaling [13–15]. A possible solution is to add
such terms to the Einstein–Hilbert Lagrangian a priori.
This approach culminates in the renormalisable theory
of Stelle [16]. The addition of quadratic curvature in-
variants motivated in the ultraviolet (UV) should not in-
terfere with the usual tests passed by GR in the infrared
(IR). However, they necessarily result in higher derivative
theories whose unitarity may be questionable under stan-
dard quantisation schemes. For example, Stelle’s theory
contains a ghost in its tree-level graviton propagator, al-
though recently this has been argued not to prevent uni-
tary at the QFT level [17].
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The problematic link between quadratic curvature ad-
ditions and higher derivatives may be broken by recon-
sidering the fundamental dynamical variables of gravity.
This route was suggested already by gravitational cou-
pling to spinors, which requires gµν to be split into tetrad
(or vierbein) fields. Higher derivatives still persist if the
(spin) connection is expressed in terms of tetrad deriva-
tives. The required leap is then to treat the spin con-
nection as a separate dynamical field at all times, arriv-
ing at the Poincaré gauge theory (PGT) of Kibble [18],
Utiyama [19], Sciama [20] and others. The particular in-
terpretation of PGT employed in this paper is set in a
flat spacetime M̌, in which the tetrad and spin connec-
tion are cast as translational and rotational gauge fields
h µ
a and Aabµ ≡ A[ab]

µ .

The minimal PGT extension to GR is usually taken to
be Einstein–Cartan–Kibble–Sciama (ECKS) theory [21],
which has an Einstein–Hilbert Lagrangian. ECKS the-
ory is dynamically equivalent to GR in the absence of
fermionic matter, but otherwise admits torsion in contact
with matter spin sources. PGT enjoys a measure of ‘nat-
uralness’ because torsion is inherently allowed, though
it may vanish dynamically as in ECKS theory. In GR,
torsion is artificically suppressed at the level of the co-
variant formulation. While torsion has not been directly
observed, we note the relative paucity of theories in which
such an observation is expected or even possible [22–25],
among them theories with highly non-minimal matter
couplings [26]. Of greater concern is the algebraic na-
ture of the spin-torsion interaction particular to ECKS
theory. For more natural dynamical torsion, one again
requires quadratic curvature additions to the Einstein–
Hilbert Lagrangian. However, it is precisely the addition
of quadratic invariants which further challenges the po-
sition of ECKS theory as the minimal PGT extension to
GR. The teleparallel Lagrangian is a specific linear com-
bination of the three quadratic torsion invariants [27].
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Under the assumption of vanishing curvature (which may
be achieved via multiplier fields [28]), this theory is also
dynamically equivalent to GR. We note that in the more
general metric-affine gauge theory (MAGT), a similar
analogue exists for quadratic non-metricity invariants un-
der the assumption of vanishing curvature and torsion:
this theory is known as coincident GR (CGR) [29, 30].

The present paper is restricted to PGT, in which,
in addition to the Einstein–Hilbert term, there are six
quadratic curvature invariants1, and no reason to ex-
clude the further three quadratic torsion invariants. Ex-
tra quadratic invariants may only be formed at the cost
of parity-violating Lagrangia [32]. Consequently, many
authors have considered the ten-parameter, quadratic,
parity-preserving PGT (PGTq,+). The inhomogeneous
transformation of Aabµ under external Lorentz rotations,
all set on a flat background, bears a strong resemblance
to the Yang–Mills theories of internal isospin symmetries.
In this sense, a Lagrangian quadratic in the field strength
tensors comes somewhat more naturally to PGT than to
its metrical counterpart. Moreover, the Yang–Mills anal-
ogy seems further to reinforce our initial guess that a
perturbative approach to renormalisation could be taken.
Popular alternatives exist, and some of these have Yang–
Mills counterparts, too. For example, the asymptotic
safety of QCD [33] has helped to drive the quest for fixed
points in the renormalisation group flow [34].

Building on early work by Neville [35, 36], Sezgin and
van Nieuwenhuizen identified 12 cases of pure PGTq,+

which appear unitary at the level of their linearised La-
grangia [37, 38]. In the linearised picture, propagating
h µ
a and Aabµ modes are respectively termed gravitons

and rotons (or tordions). PGTq,+ admits a massless
graviton of spin-parity JP = 2+, and six rotons which
may be 0±, 1± or 2±, and which have (generally nonzero)
mass parameters. While h µ

a and Aabµ provide 16 + 24
degrees of freedom (D.o.F), Poincaré gauge symmetry
eliminates 2× 10 D.o.F, and the remaining 20 D.o.F are
accounted for by these modes. Unitarity is achieved by
eliminating propagator poles with negative residues and
imaginary masses. Quite recently, 58 additional cases
were discovered by Lin, Hobson, and Lasenby [39, 40]:
these are not only unitary, but also power-counting renor-
malisable (PCR). The ‘strong’ PCR criteria stipulate
that the graviton propagator should approach the UV
as p−4 (in common with the quadratic metrical theory),
while the roton propagator should tend to p−2 due to the
extra momentum dependence of its vertices [35, 41]. In
all but 4 of the 58 novel cases, modes exist which vio-
late the strong criteria: these decouple in the UV and
produce no divergent loops [40]. Superficially therefore,
PGTq,+ does appear to reward the expectation of simul-
taneous unitarity and renormalisability. However, there

1 Typically only five quadratic curvature invariants are considered
to be independent due to the Gauss–Bonnet identity [31].

are several important caveats.

Principally, power counting is only a proxy for perturba-
tive renormalisability: neither the Ward–Takahashi iden-
tities nor the primitively divergent diagrams have been
identified. Moreover, no allowance is made for matter
loops, which are already known to hinder the pertur-
bative approach to GR [13–15]. Most importantly, the
12 original unitary cases and 58 novel unitary and PCR
cases were proposed by considerations in the weak field
regime [42]. Yo and Nester applied the Dirac–Bergmann
algorithm (schematically) to the initial 12 cases: most
of them fall apart in the strong regime, so that strictly
ghostly sectors may become excited [43]. Their analy-
sis also gave indications of tachyonic instability, albeit
through less well established methods [44]. This followed
their earlier (complete) implementation of the algorithm
for a few cases with only massive 0+ or 0− rotons in
addition to the massless 2+ graviton, with favourable re-
sults [45]. In fact, not only the initial 12 cases but also
the great preponderance of theories in the literature fea-
ture the massless 2+ graviton automatically by including
the Einstein–Hilbert term. This term is missing from
all the 58 novel cases: as with teleparallelism and CGR,
these are exclusively quadratic theories.

It is not yet clear whether the loss of the linear curvature
invariant is a ‘feature’ or a ‘bug’. Of the 58 novel cases,
19 contain two massless D.o.F, of which only 17 have a
nonvanishing 2+ propagator. For these cases the mass-
less roton may be tentatively identified with the unique
‘graviton’ of Weinberg and Witten [46], so that the theory
may still be viable. In fact, all 58 novel cases feature van-
ishing roton mass parameters, but the relevant JP sec-
tors are usually non-propagating. This is another point of
contrast with the literature: vanishing mass parameters
are typically avoided due to their association with emer-
gent gauge symmetries, which in turn drastically compli-
cate the Hamiltonian constraint chain [47, 48]. For this
and other reasons, we note that the 58 novel cases are
(for the moment) insulated from the earlier Hamiltonian
surveys in [43, 45]: a dedicated analysis is in prepara-
tion and will be presented in a companion paper [49].
Without the linear curvature invariant, we also lose con-
tact with the established IR limit of the theory. On the
one hand, we might embrace this as an unusual opportu-
nity to motivate the IR from the UV, since the quadratic
invariants are no longer perturbative corrections to the
theory. On the other, we may view this as a potentially
fatal flaw which necessitates disparate IR investigations
into nature’s observed spacetimes.

The present paper is concerned with the spatially flat
Friedmann–Lemâıtre–Robertson–Walker (FLRW) space-
time, which is a central axiom of the cosmological con-
stant + cold dark matter model [1, 2]. Recently, we used
the homogeneity and isotropy of the strong cosmological
principle (SCP) to partition a select 33 of the 58 novel
cases into phenomenological classes [50]. The Class 3C*
theory reproduces the ΛCDM background. Moreover, an
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early-time deviation from ΛCDM dilutes away as dark ra-
diation, qualitatively suited to ease the present tension [7,
51] between CMB-inferred 0.674 ± 0.005 [9] and locally-
observed 0.735 ± 0.014 [8] determinations of the contem-
porary Hubble number h = H0/100 km s−1 Mpc−1. The
more general Class 2A* has an additional massive 0−

D.o.F, but is hitherto unexplored. Separately, we em-
phasise that the cases underlying these classes simulta-
neously contain two massless (possibly 2+) D.o.F, pass
basic Solar System tests and support the usual gravita-
tional wave polarisations [52]. Notwithstanding our ear-
lier analysis, the cosmological equations of PGTq,+ are
quite cumbersome and opaque. This has led to fruit-
ful, but often piecewise investigations for almost forty
years (see e.g. [53–56] or reviews of the substantial liter-
ature [57] and in [50]).

The first aim of this paper is to develop a simple bi-
scalar-tensor theory – the metrical analogue (MA) –
which reproduces the spatially-flat background cosmol-
ogy of PGTq,+. The general MA will be given in Eq. (14)
and provides a unified framework for future IR inves-
tigation by the broader community. Since the MA is
free of both torsion and quadratic curvature invariants,
we find that it offers a refreshingly clear statement of
the IR. Just as h µ

a is in some sense the square root of
gµν , the MA contains a non-canonical kinetic term of the
form

√
|Xφφ|, where Xφφ ≡ 1

2g
µν∂µφ∂νφ. Such fields are

known in cosmology as Cuscutons [58]: they provide a
rich phenomenology [59], but are naturally challenging to
motivate (see e.g. EFT applications in Hořava–Lifshitz
gravity [60]). We will show that teleparallelism has an
Einstein–Hilbert MA, while the MA of ECKS theory is
a pure Cuscuton.

The second aim of this paper is to use the MA to study
the IR of certain novel cases, which were partly motivated
in the UV. We will show that Class 2A* of PGTq,+ in-
herits the dark radiation of Class 3C*, while the 0− mass
generates dark energy. The Cuscuton tends to ‘stall’ the
cosmology in a state equivalent to ΛCDM. With rele-
vance to the Hubble tension and cosmological constant
problem [61, 62], our results build the case for further
careful scrutiny of the underlying novel cases.

The remainder of this paper is set out as follows. In
Sections II to IV we map PGTq,+ to the MA. In Sec-
tion VIII we provide a brief primer on the novel theories
of interest, and their potential for renormalisability. In
Section IX we show that Class 2A* can undergo accel-
erated expansion in the presence of a negative bare cos-
mological constant. In Section X we find an alternative
solution in which ΛCDM is recovered, but the cosmo-
logical constant is provided entirely by the gravitational
sector. Conclusions follow in Section XI. We use natural
units c ≡ ~ ≡ 1, reduced Planck mass mp

2 ≡ κ−1 and
signature (+,−,−,−).

II. METRIC THEORIES

The generalised galileon, more commonly known as
Horndeski theory [63], is the most general φ–gµν coupling
with maximally second-order field equations. Avoidance
of higher-order field equations is a simple (yet insuffi-
cient) precaution against ghosts given by Ostrogradsky’s
theorem. The generalised bi-galileon [64] introduces a
second scalar ψ and is known not to be the most gen-
eral second-order bi-scalar-tensor theory [65], but follows
a simple prescription and is also often called Horndeski
theory. The generality of the bi-galileon is provided by
six arbitrary G-functions. Of these, it suits our needs to
discard Gφ3 , Gψ3 , Gφ5 and Gψ5 (adopting the usual nota-
tion [66]) for a total Lagrangian

LT = G2 (φ, ψ;Xφφ, Xψψ) +G4 (φ, ψ)R+Lm(Φ; g). (1)

Note that G2 couples ∂φ and ∂ψ to gµν , and G4 non-
minimally couples φ and ψ to ∂g and ∂2g via the Ricci
scalar R ≡ Rµνµν , where the Riemann tensor is

R ν
αβµ ≡ 2

(
∂[βΓνα]µ + Γλ[α|µΓν|β]λ

)
, (2)

and the Levi-Civita connection Γαµν is of the form ∂g.
As with GR, one cannot formally fit the whole standard
model (SM) into the matter Lagrangian Lm(Φ; g). This
is an elementary but occasionally overlooked limitation
of metric theories: the matter fields Φ must be tensorial
representations of GL(4,R), and are thus bosonic. Note
also that while φ and ψ are historically termed galileons,
the covariantisation of the theory with respect to gµν
breaks the Galilean shift symmetry. In exchange, (1)
acquires diffeomorphism invariance and (like GR) may
be interpreted as a geometric R1,3 gauge theory.

III. TETRAD THEORIES

Various other geometric gauge theories have been pro-
posed. Promotion of the proper, orthochronous Lorentz
rotations to a local symmetry yields the Poincaré gauge
theory (PGT) of R1,3 o SO+(1, 3). The geometric in-
terpretation of PGT replaces M with a spacetime of
Riemann–Cartan type in order to accommodate torsion.
The modern picture [28, 41, 67] is perhaps more com-
mensurate with particle physics in assuming a flat metric
γµν on Minkowski spacetime M̌. Translations are gauged
by the field h µ

a and its inverse baµ, where h µ
a b

a
ν ≡ δµν

and h µ
a b

c
µ ≡ δca. The Roman indices refer to an anholo-

nomic, Lorentzian basis. Lorentz rotations are gauged
by the field Aabµ. The fields h µ

a and Aabµ can be geo-
metrically interpreted as the tetrad and spin connection.
They provide two field strengths

Rab cd ≡ 2h µ
c h

ν
d

(
∂[µA

ab
ν] +Aae[µA

eb
ν]

)
, (3a)

T abc ≡ 2h µ
b h

ν
c

(
∂[µb

a
ν] +Aad[µb

d
ν]

)
, (3b)
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which are referred to as Riemann and torsion tensors,
but which confer no geometry to M̌. The Ricci tensor
Rab ≡ Rac bc, Ricci scalar R ≡ Raa and torsion con-
traction Ta ≡ T bab are then used to construct the most
general total Lagrangian up to quadratic order in the
field strengths and invariant under parity inversions

LT =α1R2 +Rab
(
α2Rab + α3Rba

)
+Rabcd

(
α4Rabcd + α5Racbd + α6Rcdab

)
+mp

2
[
Tabc

(
β1T abc + β2T bac

)
+ β3TaT a

]
− 1

2mp
2α0R+ Lm(Φ,Ψ;h,A).

(4)

This general theory is termed PGTq,+, and is pa-
rameterised by ten dimensionless coupling constants.
Note that the remaining fermionic fields Ψ of the SM
are now permitted in Lm(Φ,Ψ;h,A) as representations
of SL(2,C), which universally covers SO+(1, 3). The
Maxwell-like terms in (4) are motivated by analogy to the
Yang-Mills structure of the SM: since Eqs. (3a) and (3b)
are at lower order than (2), maximally second-order field
equations are guaranteed by construction.

IV. SCALE-INVARIANCE

Pushing the SM analogy further, one considers scale-
invariance. This pertains to local conformal (or Weyl)
transformations

gµν 7→ Ω2gµν , φ 7→ Ω−1φ, ψ 7→ Ω−1ψ, (5a)

baµ 7→ Ωbaµ, Aabµ 7→ Aabµ. (5b)

The Lagrangia (1) and (4) are scale-invariant if they
transform with weight −4, which cancels with the mea-
sure

√
|g|, or h−1 ≡ det baµ. A scale-invariant PGTq,+

has α0 = β1 = β2 = β3 = 0, which eliminates the
explicit mass scale mp. By convention, φ and ψ have
weight −1 [68] and Aabµ has weight 0 [41]. As a slight
aside, an inhomogeneously rescaling Aabµ was recently
used in an extension of Weyl gauge theory (eWGT) [41].
Quite unlike PGT, eWGT is scale-invariant by construc-
tion. However, when expressed in terms of scale-invariant
variables [69–71], the quadratic, parity-preserving ver-
sion (eWGTq,+) was shown to be dynamically equivalent
to PGTq,+ under the SCP [50]. At this level, PGTq,+ and
eWGTq,+ differ only through a scale-dependent interpre-
tation of the coupling constants. We will briefly return
to eWGTq,+ in closing.

V. THE FULL METRICAL ANALOGUE

We will now construct an instance of (1) which mimics
(4) under the spatially-flat SCP. Adopting dimensionful
Cartesian coordinates on M, the flat FLRW metric has
interval

ds2 = dt2 − a2dx2. (6)

The dimensionless scale factor a provides the Hubble
number H = ∂ta/a. Under conformal transformations
of the form (5a), the form of (6) is always preserved by
implicit combination with the diffeomorphism

dt 7→ Ω−1dt, H 7→ Ω−1(H − ∂tΩ). (7)

Analogous Cartesian coordinates γµν = ηµν , assumed
to transform according to (7) under Weyl rescalings of
the form (5b), then allow us to equate component values
gµν

an
= ηabh µ

a h
ν
b and gµν

an
= ηabb

a
µb
b
ν . Our ‘analogue

equality’ flags the notational abuse of incompatible tan-
gent spaces. The torsion tensor on M̌ is restricted by the
SCP to the scalar U and pseudoscalar Q, which are the
0+ and 0− sectors [72–74]

T abc = δd0
(

2
3Uδ

a
[cηb]d −Qεadbc

)
. (8)

These are homogeneous cosmological fields in the same
sense as φ and ψ, inviting the analogue of torsion on M

φ
an
= 2

3U − 2H, ψ
an
= Q. (9)

Related constructions are used in [50, 75, 76] for al-
gebraic convenience. In our case we see that (9) cor-
rects the inhomogeneous rescaling of T abc, endowing the
galileons with a weight of −1. Thus, all relations in
(5a) are reconciled with those in (5b). Finally, we tac-
itly convert matter fermions into bosons so as to pre-
serve the stress-energy tensor 2

(
δ
δg

)
µν

[√
|g|Lm(Φ; g)

] an
=

ηabb
a
(µ

(
δ
δh

)
a
ν)

[
h−1Lm(Φ,Ψ;h,A)

]
, see e.g. [77]. The spin

tensor
(
δ
δA

) µ
ab

[
h−1Lm(Φ,Ψ;h,A)

]
is neglected.

At this point we are ready to derive the specific G2 and
G4 which facilitate (4). Throughout the PGTq,+ equa-
tions, the nine Maxwell-like couplings appear exclusively
in five linear combinations under the SCP

σ1 ≡ 3
2α1 + 1

4α2 + 1
4α3 + 1

4α5 − 1
2α6,

σ2 ≡ 3
2α1 + 1

2α2 + 1
2α3 + 3

2α4 − 1
4α5 + 1

2α6,

σ3 ≡ 3
2α1 + 1

2α2 + 1
2α3 + 1

2α4 + 1
4α5 + 1

2α6,

υ1 ≡ −2β1 + 2β2, υ2 ≡ 2β1 + β2 + 3β3.

(10)

These physical couplings are insensitive to e.g. a Gauss–
Bonnet variation 4δα1 = −δα3 = 4δα6, which is topo-
logical in D ≤ 4. An application of the minisuperspace
method is sufficient to obtain the required mapping from
(4) to (1). For our previous treatments of the minisu-
perspace formulation of PGTq,+, see [50, 76]. We use an
ADM-like interval ds2 = u2(dt2 − v2dx2), where the flat
FLRW interval in (6) is recovered by taking u 7→ 1 and
v 7→ a. The analogue defined in (9) corresponds to the
following choices of gauge, in a further abuse of notation
which assumes the holonomic and anholonomic bases to
be aligned

baµ
an
= u

(
v(δaµ − δa0η0µ) + δa0η0µ

)
, (11a)

Aabµ
an
= uvδd0

(
φδ[b
µ δ

a]
d − 1

2ψε
ab

µd

)
. (11b)
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The gauge fields in (11b) and (11a) are then substituted
into (3a) and (3b), and then into (4). The Maxwell-like

couplings defined in (10), along with a minimal addition
of surface terms (including the Gauss-Bonnet derivative)
then reduce this to

LT
an
=
(

1
2mp

2υ2 + σ3φ
2 + 1

2 (σ3 − σ2)ψ2
)[

6v3(∂tu)2 + 12uv2∂tu∂tv + 6u2v(∂tv)2
]

+ 12σ3

[
uv3φ∂tu+ 1

2u
2v3∂tφ+ u2v2φ∂tv

]
∂tφ+ 6(σ3 − σ2)

[
uv3ψ∂tu+ 1

2u
2v3∂tψ + u2v2ψ∂tv

]
∂tψ

+ 4σ1

(
ψ2 − φ2

)[
3
2u

2v3φ∂tu+ 3
2u

3v2φ∂tv + 3
2u

3v3∂tφ
]

+ 3mp
2(α0 + υ2)

[
u2v3φ∂tu+ u3v2φ∂tv

]
+ 3

4u
4v3
[
2σ3φ

4 − 4σ2φ
2ψ2 + 2σ3ψ

4 +mp
2(α0 + υ2)φ2 −mp

2(α0 − 4υ1)ψ2
]

+ Lm(Φ,Ψ;u, v, φ, ψ).

(12)

A näıve ansatz restricts to polynomial G-functions, but
inspection of (12) reveals that this is only viable up to
surface terms if α0+υ2 = σ1 = 0. These constraints elim-
inate terms of first order in ∂tφ and H from the penulti-
mate line of (12), and so from the E.o.Ms. Such terms are
non-canonical, but can be included (and the constraints
removed) by extending (1) to LT 7→ LT + ∆LT, where

∆LT =
[
Gφ6 (φ, ψ)∂µφ+Gψ6 (φ, ψ)∂µψ

]
Bµ

+mp

(
mp

2 −BµBµ
)
χ.

(13)

The neutral vector Bµ and scalar χ may be thought of
as gravitational spurions: they constrain the theory by
singling out a preferred timelike vector under the SCP
without breaking general covariance in the action [78].
The spurions are generally non-dynamical and are inte-
grated out directly such that (13) merely renormalises
G2. Writing out the final G-functions explicitly, the full
MA of (4) is

LT =
[

1
2mp

2υ2 + σ3φ
2 + 1

2 (σ3 − σ2)ψ2
]
R

+ 12
[
σ3X

φφ + 1
2 (σ3 − σ2)Xψψ

]
+
√
|JµJµ|

+ 3
4mp

2
[
(α0 + υ2)φ2 − (α0 − 4υ1)ψ2

]
+ 3

2

(
σ3φ

4 − 2σ2φ
2ψ2 + σ3ψ

4
)

+ Lm(Φ; g),

(14a)

Jµ ≡ 4σ1ψ
3∂µ(φ/ψ)−mp

2(α0 + υ2)∂µφ. (14b)

Further surface terms distinguish the minisuperspace La-
grangian of (14) from (12), and a straightforward calcu-
lation confirms that the E.o.Ms coincide with those of
PGTq,+ under the spatially-flat SCP.

VI. FIRST IMPRESSIONS

Noting in what follows that
√
|JµJµ| carries an implicit

factor of sgn(J0) for continuity [79], a straightforward
calculation confirms that (14) and (4) are dynamically
coincident under the spatially-flat SCP. In this paper
we will not consider inhomogeneous applications, e.g. to
acoustic stability. Various features of the MA are already
apparent at the Lagrangian level. Since G4 is not con-
stant, φ and ψ are non-minimally coupled to R, thus the

MA has been unwittingly but naturally constructed in
the Jordan conformal frame (JF). It will prove convenient
later to transform to the Einstein frame (EF), but since
the EF derives its meaning from the artificial context of
the MA, we cannot take it to be physical. Equivalently, to
work at the usual level of the PGTq,+ equations is to work
in the JF of the MA and know no better. While counter-
intuitive, we find this picture to be unavoidable [80]. A
scale-invariant PGTq,+ sets α0 = υ1 = υ2 = 0, reduc-
ing the MA to a manifestly conformal field theory [68].
In our minimal formulation, this would restrict to a pure
radiation cosmology (see e.g. [76]), but we note that vari-
ous Higgs-like scale symmetry-breaking extensions to the
gauge theory have been proposed [81–83].

VII. APPLICATION TO ESTABLISHED
THEORIES

Before addressing the novel theories, we will analyse
some ‘conventional’ PGTq,+s with non-dynamical Aabµ.
Consider the representative two-parameter theory

LT = − 1
2mp

2α0R+ 1
2mp

2βT + Lm(Φ,Ψ;h,A), (15)

i.e. a linear combination of R and the teleparallel term
T ≡ 1

4TabcT abc + 1
2TabcT bac − TaT a, with the MA

LT = − 1
2mp

2βR+mp
2(β − α0)

[√
2|Xφφ|

− 3
4φ

2 + 3
4ψ

2
]

+ Lm(Φ; g).
(16)

We see that the MA is a linear combination of R, a
quadratic Cuscuton φ with equation of motion φ = −2H,
and a non-dynamical mass which sets ψ = 0. By (9)
we will have U = Q = 0. As a general principle, the
Cuscuton is a non-dynamical constraint field, and pre-
serves the form of the usual Friedmann equations of GR
that follow from R. This can be seen by substituting
φ into the gµν equation of (16) [59]. ECKS theory is
equivalent to GR when the spin tensor vanishes, and is
defined by α0 = 1 and β = 0 in (15) [21]. Remarkably,
this eliminates R from (16) entirely, so that R is repre-
sented purely by the Cuscuton. If β 6= 0, the admixture
of T in (15) leads to R–Cuscuton contributions in (16)
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Dynamical D.o.F

? 2+ massless candidate

2− massive

0− massive

FIG. 1. Cosmologies and associated particle content of the
novel theories (see [40] and literature comparisons in [39, 50]).
In the weak, free-field limit, certain cases of PGTq,+ are uni-
tary and power-counting-renormalisable. These cases contain
propagating irreps of SO(3), i.e. D.o.F of spin-parity JP . For
massless D.o.F, the propagator poles associated with any con-
tributing JP sectors are degenerate at the origin of p-space.
Since this leads to ambiguity, we restrict to cases which do
not preclude the two 2+ polarisations of the graviton (which
should be unique [46]). The cases are grouped into cosmolog-
ical classes, of which we consider Class 2A* and Class 3C*.

which exactly cancel in the gµν equation. However, true
teleparallelism, with β = 1 and α0 = 0 is also dynami-
cally equivalent to GR if PGT curvature (as defined in
(3a)) vanishes identically [27, 28, 84]. The constraint
Rab cd ≡ 0 is properly imposed via Lagrange multiplier
fields [28], but in practice this just restricts Aabµ to a pure
gauge (the Weitzenböck connection) and fixes φ ≡ ψ ≡ 0.
By (9) we will then have Q ≡ 0 and U ≡ 3H. Since the
Cuscuton is now eliminated, T is represented purely by
R, and the expected equivalence to GR is immediate.

VIII. APPLICATION TO NOVEL THEORIES

The graviton and roton propagators of a generic
PGTq,+ may approach the UV as p2Nh and p2NA , where
Nh, NA ≤ 0 are some integers, and the even powers are
expected of bosons. In such a theory, a diagram may
have Eh external graviton and EA external roton lines.
Also, there will be Vnm vertices with n graviton and m
roton valences, and whose coupling constant has some
(low) mass dimension Cnm supplied by the appearance
of mp in (4). By considering the perturbative structure
of (4) and applying the usual topological identity that
relates the number propagators, vertices and loops [85],
one eventually arrives at the following formula for the

superficial divergence D of the diagram

D = 4− (2 +Nh)Eh − (2 +NA)EA

−
∑
n,m

[Cnm − 2n(2 +Nh)− 2m(1 +NA)]Vnm.
(17)

The strong PCR criteria Nh = −2 and NA = −1 are then
suggestive of perturbative renormalisability. If these cri-
teria are met, one can see from (17) that any diagram
appearing at high enough loop order or with sufficiently
many external lines should superficially converge. While
such a diagram may still be divergent in practice, there
is some hope that this divergence may result from the
incorporation of a finite number of primitively divergent
diagrams. The novel cases in [39, 40] are defined by linear
constraints on the ten PGTq,+ parameters. These con-
straints structurally alter the saturated propagator, ob-
tained by inverting the linearised, matter-free Lagrangian
in (4), so as to effectively satisfy these criteria. As noted
in Section I, the criteria may be safely relaxed for modes
which become non-propagating in the UV; for a full dis-
cussion of this matter the reader is referred to [40].

The SCP groups the cases into classes, some of which
are shown in Fig. 1. The constraint α0 = 0 marks a
complete break with ECKS theory: one is left only with
quadratic invariants which have no EFT interpretation as
loop corrections to the PGT Ricci scalar R. The further
constraint σ3 = 0 then triggers the k-screening mecha-
nism, in which the physical spatial curvature k ∈ {±1, 0}
is eliminated from the PGTq,+ equations: a hyperspher-
ical, hyperbolic or simply flat choice of universe does not
affect the background dynamics [50]. The description of
such classes as offered by the MA is thus not limited by
our earlier assumption of spatial flatness in (6).

We consider Class 2A*, defined by the further constraint
σ2 = σ1 (note that Class 3C* will always be the special
case υ1 = 0). We next set σ1 < 0 (no ghost) and υ1 < 0
(no tachyon): these unitarity conditions are translated
from [40]. They may also be read off from (14) near
the vacuum R = φ = ψ = 0, once the defining constraints
are imposed. We finally take a third condition υ2 < 0
by analogy to the Einstein-Hilbert Lagrangian, although
this is not listed in [40]. A conformal transformation Ω
takes the MA of Class 2A* into the EF. Following the con-
ventions of e.g. Brans–Dicke theory [86], we then partly
recanonicalise the MA through two new fields ζ(φ, ψ) and
ξ(ψ)

LT = − 1
2mp

2R+Xξξ +mp
2ω(ξ)3

√
|Xζζ |

− V (ξ) + 3
4mp

2ω(ξ)4ζ2 + Lm(Φ, ξ; g),
(18a)

V (ξ) ≡ − 4υ1
3σ1υ2

mp
4
(
1 + 1

8ω(ξ)2
)(

1 + 1
2ω(ξ)2

)
, (18b)

ω(ξ) ≡
√∣∣3 cosh

(√
2/3 ξ/mp

)
− 5
∣∣. (18c)

While (18) is strictly valid for the range

1 ≤ 4σ1Q
2/υ2mp

2 < 4, (19)



7

we will use it to obtain physical results which are com-
pletely general, as may be confirmed directly from (14).
In fact, we will later see that the universe is expected
to lie in this range for most of its history anyway. Not-
ing that Ω2 = − 4

3υ2

(
1 + 1

8ω
2
)
, it seems natural in what

follows to take υ2 = −4/3, and this choice will be jus-
tified in stages. The ‘conformal shift’ ω now measures
the degree to which the physical JF has strayed from the
EF, and so mediates any ξ–Φ coupling. Note that ω also
weights the field ζ, which is a quadratic Cuscuton. The
field ξ is canonical, and in moving from Class 3C* to
Class 2A* it acquires a potential V . Note that V traces
back to the mass of ψ, which in turn corresponds to the
massive 0− D.o.F in Fig. 1. By inspection, V must act
as a (quintessence) dark energy source, since υ1/σ1 > 0.
In the final sections we will make the nature of this dark
energy more concrete, using the ζ E.o.M as a heuristic

ω2
(√

2∂ξω∂tξ +
√

2ωH − ω2ζ
)

= 0. (20)

IX. NEGATIVE SCREENED DARK ENERGY

By analogy to (16), suppose that the Cuscuton obeys
ζ ∝ H, which was its ‘minimally-coupled’ behaviour.
This is possible if the last two terms in (20) can-
cel, whereupon the decay of ξ stalls above the natural
vacuum of V at constant conformal shift ω =

√
2H/ζ.

This solution has the following utility if the physical
JF matter Lagrangian contains only a bare cosmolog-
ical constant Lm(Φ; g) = −mp

2Λb. Accelerated expan-
sion is difficult to drive with Λb < 0 in many gravita-
tional theories. This can make them hard to recon-

cile with attractive, more fundamental theories [87–90].

If Lm(Φ, ξ; g) = −mp
2Λb

(
1 + 1

8ω
2
)

2 and ω =
√

2H/ζ are
substituted into the remaining E.o.Ms of (18), one
can straightforwardly solve for ξ and H in the EF.
In the physical JF this gives Q2 = 2Λb/3υ1, and
H2 = Λ/3, where the effective cosmological constant is
Λ = υ1mp

2/2σ1. Remarkably therefore, a negative Λb is
required, yet screened from the de Sitter expansion rate.

To verify the stability of the de Sitter solution, we em-
ploy another product of the MA: the powerful dynami-
cal systems theory of scalar-tensor inflation [79, 91]. We
view ξ as a canonical inflaton, whose ‘total potential’ is
VT ≡ V + Lm(Φ, ξ; g). It is possible to encode all E.o.Ms
as an autonomous, first order system in the dimensionless
variables

x2 ≡ mp
2(∂tξ)

2

6H2
, y2 ≡ VT

3mp
2H2

, (21)

which are the comoving Hamiltonian coordinates of ξ. In
order to obtain this form, we further define intermediate
dimensionless variables

z2 ≡ mp
2ω4ζ2

4H2
, λ ≡ −mp∂ξVT

VT
, µ ≡ ω. (22)

Note that x, y and λ are conventional parameters in the
literature, while µ is defined for convenience and z is
somewhat analogous to the conventional matter param-
eter [79, 91]. From (18), the ξ equation (or alternatively
the pressure–gµν equation) combined with the derivative
of the ζ equation (20) can be expressed as a coupled first-
order system in terms of these variables

∂τx = −
[
x
(
2
√

3λµ3xy2 + 4z2
((
µ4 − 8

)
z2 − 2

(
µ4 − 4

)
y2 − 8

)
+
√

2µ
(√

3λµ3xy2z2 + µ4(y − z)2(y + z)2

− 16(y − z)(y + z)
(
y2 − z2 − 1

)
+ 2µ2

(
y2 − 1

)(
3y2 − z2

)))]
/
[
µ3
(√

2
((

2 + µ2
)
y2 − µ2z2 − 2

)
− 4µz2

)]
, (23a)

∂τy = y
[
µ2
(√

3λx
(
2− 2y2 + µ2z2

)
− 4µz2

(
3− 3y2 + z2

))
−
√

2
(
2µ2
(
y2 − 1

)(
3y2 − z2 − 3

)
+
√

3λµ3x
(
y2 − 2

)
z2

− 16
(
1− y2 + z2

)2
+ µ4

(
y4 + z2

(
3 + z2

)
− y2

(
1 + 2z2

)))]
/
[
µ2
(√

2
((

2 + µ2
)
y2 − µ2z2 − 2

)
− 4µz2

)]
, (23b)

where the dimensionless (Hubble-normalised) time is
dτ = Hdt. In order to obtain the autonomous system
in x and y we must eliminate λ, µ and z from (23a) and
(23b). Using (18b) and (18c), it is possible to solve for λ
in terms of µ

λ = −
[
4
(

2Λb+5
υ1
σ1
mp

2
)

+
(

Λb+4
υ1
σ1
mp

2
)
µ2
]√(

2+µ2
)[

8
(

Λb+
υ1
σ1
mp

2
)

+
(

Λb+4
υ1
σ1
mp

2
)
µ2
]√

3
(

1+
1
8µ

2
) . (24)

Note that (24) explicitly incorporates both the bare
cosmological constant Λb and our central combination

υ1mp
2/σ1. As emphasised above, these quantities should

be considered on an equal footing. Next, the ζ equation
reduces to a quartic in µ(
x2 − 1

)
µ4 + 2

√
2zµ3 + 2

(
5x2 − z2

)
µ2 + 16x2 = 0. (25)

Finally, z is solved for x and y by the density–gµν equa-
tion

x2 + y2 − z2 = 0, (26)

revealing that the physical portions of the phase space
are expelled from the unit disc. If z were a ‘conventional’
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FIG. 2. Partial phase portrait of Class 2A*, with nega-
tive bare cosmological constant Λb = −0.48mp

2. The sad-
dle A deflects the universe towards the de Sitter attractor
B in the inflationary region where it feels a positive effective
Λ = 0.1mp

2, all in the physical JF. The EF deceleration pa-
rameter is 1 + q = −∂tH/H2. Hamiltonian coordinates y
and x describe the 0− torsional mode. Phase velocity reflects
elapsing Hubble-times.

matter parameter (i.e. proportional to a density which is
obedient to the weak energy condition), the phase space
would be confined to the unit disc. This more holistic
picture, in which all critical points ∂τx = ∂τy = 0 are
visible, may be reached by taking a simple Möbius trans-
form of the phase space. The quartic roots of (25) cause
the fully autonomous system to be highly unwieldy. This
is a natural consequence of explicitly encoding the Cus-
cuton constraint in the Class 2A* and Class 3C* theories,
rather than a generic limitation of the MA in (14). Re-
turning at last to the question of stability, the de Sitter
solution outlined above is then found to be a stable crit-
ical point in this system, as illustrated in Fig. 2.

While ζ ∝ H may describe our late universe if Λb < 0,
it is not self-consistent in a matter-dominated epoch.
Therefore, we will next consider a family of solutions
which naturally describe the whole expansion history.

X. GENERALLY VIABLE DARK ENERGY

The ‘generally viable’ solution to (20) occurs at vanish-
ing conformal shift ω = 0, where the EF and physical JF
coincide. We previously termed this the correspondence
solution (CS) [50]. The CS of Class 3C* reduces (18a) to
GR by inspection; Class 2A* differs from this through
the constant stalled potential V . The stalled ξ fixes
Q2 = −mp

2/3σ1. If the universe is reasonably assumed
to follow the CS closely, then Q should not stray too far
from this critical value, which is fortunately the lower
bound in (19). The equivalence of conformal frames is

guaranteed by our earlier condition υ2 = −4/3. Broadly
speaking, this has the same effect as fixing Einstein’s κ
in GR.

The stability of the CS should be verified for all mat-
ter in ΛCDM including the conventional Λb ≥ 0, but
the earlier dynamical systems approach is impractical in
this case. Such matter may be characterised by linear
equations of state (E.o.S) ρ = wP , diluting away as
ρ ∝ a−3(1+w). For any dominant matter, a straightfor-
ward perturbation around the CS is equivalent to adding
an effective fluid ρ 7→ ρ+ ρeff to GR. The effective E.o.S
parameter tracks the dominant w according to

weff(w) ≡ 1
2 (w + 1)− 1

6

√
9w2 + 3, −1 ≤ w ≤ 1

3 , (27)

The ρeff becomes increasingly sub-dominant (and the CS
is stable) when weff(w) > w; the only exception is co-
dominant dark radiation, since weff(1/3) = 1/3. The pos-
sible utility of this dark radiation in shrinking the sound
horizon at recombination (and raising the early-universe
inference of h) is discussed in [50]. Note that the effective
fluid need not satisfy the weak energy condition by itself.
This strengthens the justification of (19), since a value
of Q below the lower bound would manifest as ρeff < 0,
i.e. a negative dark radiation fraction which would exac-
erbate the Hubble tension. Finally, the stalled V readily
gives an effective Λ = Λb + υ1mp

2/σ1.

XI. CONCLUSIONS

We constructed in (14) a non-canonical bi-scalar-tensor
theory, the metrical analogue (MA) which lays bare the
rich IR background cosmology of PGTq,+. It is natural
that the theory explicitly includes only the cosmological
0+ and 0− torsion sectors, rather than all 20 D.o.Fs na-
tive to PGT. As a consequence, portions of both the IR
and UV are necessarily lost. In particular, it is evident
that no parameter constraint may be applied to the MA
itself to render it perturbatively renormalisable. This fol-
lows since the MA is an explicit extension of GR by scalar
D.o.Fs, and lacks any of the expected quadratic curvature
invariants. However, we see no reason why this should
affect the anticipated renormalisability of the underlying
PGTq,+. Rather, it is interesting to consider how the
quadratic and linear invariants of PGTq,+ are allocated
to the linear invariant of the MA. Tellingly, it is telepar-
allelism and the other quadratic theories which inherit
the Einstein–Hilbert Lagrangian, while ECKS theory is
relegated to a Cuscuton. We verified that the Friedmann
equations are recovered in both cases. This illustrates,
in the context of our introductory discussion, the natu-
ralness of quadratic PGT Lagrangia.

Our analysis in this paper of the MA phenomenology
was not intended to be exhaustive. Particularly, our ap-
proach invites inflationary applications in the early uni-
verse, and extension to Weyssenhoff fluids through a non-
minimal ψ-coupling to modified matter sources [92]. A
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principle observation is that PGTq,+, when expressed in
scalar-tensor form, contains a non-canonical term which
may often be interpreted as a Cuscuton field. While this
interpretation offers theoretical support to the Cuscu-
ton, we note that it is not unique. For instance, it is
evident from (13) that by alternatively integrating out a
galileon the MA would contain a neutral vector. Specifi-
cally, the physics is basically equivalent (as is the Cuscu-
ton itself) to the cosmological model of Lorentz-violating
vector fields [93].

In this paper we focussed on late-universe dark en-
ergy in recently proposed, superficially healthy cases of
PGTq,+. The proposed emergent Λ = Λb + υ1mp

2/σ1

still does not address the ‘strong’ cosmological constant
problem [61, 62]. Let us assume a ‘non-gravitating
vacuum’ Λb = 0 [61, 94, 95]. CMB-inference fixes
Λ = 7.15± 0.19× 10−121 mp

2 [9], with some (slight) shift
expected from any dark radiation we may choose to
add [96, 97]. The requisite υ1/σ1 ∼ 10−121 then re-
veals an apparent hierarchy. We tentatively observe that
the hierarchy appears less severe in the scale-invariant
eWGT counterpart, since the ∼ 4.1 Gpc Hubble horizon
endows specific physical eWGTq,+ couplings with a nat-
ural length scale [41]. This builds the case for a future
extension of the systematic analysis in [39, 40, 98] to
eWGTq,+, whose propagator is currently unexplored.

In a conservative summary, the Class 2A* theory not
only matches the GR background, but can provide dark
radiation and (hierarchical) dark energy. Unlike GR [12],
the perturbative renormalisability of this unitary theory
is not precluded by a simple power counting [39, 40]; a
nonlinear Hamiltonian analysis may offer further insight.
The 0− torsional mode must survive averaging over ho-
mogeneous comoving scales of & 300 h−1 Mpc [99, 100].
This mode has yet to be constrained, even in an Earth-
based laboratory [22, 23, 26], and its strength is not sep-
arable here from the σ1 or υ1 couplings. Indeed, the
expansion history only determines υ2 and υ1/σ1, which
translate to the two freedoms in Lovelock’s theorem.
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